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Abstract
Using the coset approach (nonlinear realization) we construct component actions for a superparticle in three-
dimensional spacetime with N=4 supersymmetry partially broken to N=2. These actions may contain an
anyonic term and the square of the first extrinsic worldline curvature. We present the supercharges for the
unbroken and broken supersymmetries as well as the Hamiltonian for the supersymmetric anyon. In terms of
the nonlinear realization superfields, the superspace actions take a simple form in all cases.
1 Introduction
In a relativistic theory, any particle-like configuration spontaneously breaks the target-space Poincare´ invariance
to the stability group of the worldline. This breakdown is accompanied by the appearing of Goldstone bosons
associated with the spontaneously broken translations and Lorentz boosts. The most appropriate method to
construct low-energy effective actions for these Goldstone modes is the nonlinear-realization (or coset) approach
[1], suitably modified for the case of supersymmetric spacetime symmetries [2].
Towards the construction of particle actions in D-dimensional spacetime, the coset approach works as follows.
Let {P,Zi} with i = 1, . . . , D−1 be the generators of the target spacetime translations, {Mij} be the generators
of the SO(D−1) subgroup of the Lorentz group SO(1, D−1) rotating the spatial coordinates Zi among each
other, and {Ki} generate the coset SO(1, D−1)/SO(D−1). All transformations of the full Poincare´ group may
be realized by a left action on the coset element
g = etP eqi(t)ZieΛi(t)Ki . (1.1)
The dependence of the coset coordinates qi(t) and Λi(t) on the time t signals that the Z and K symmetries are
spontaneously broken.
According to the general theorem [3], not all of the above Goldstone fields have to be treated as independent.
In the present case, the fields Λi(t) can be covariantly expressed through time derivatives of qi(t) by imposing
the constraint
ΩiZ = 0, (1.2)
where the Cartan forms Ω are defined in a standard way,
g−1dg = ΩPP +Ω
ij
MMij +Ω
i
ZZi +Ω
i
KKi. (1.3)
Thus, we are dealing with the fields qi(t) only. The form ΩP defines the einbein E, which connects the covariant
world-volume form ΩP and the differential dt via
ΩP = E dt. (1.4)
Observing that the form ΩP is invariant under all symmetries, one may immediately write an invariant action [4,
5, 6, 7],
S0 =
∫
dt E. (1.5)
This action describes a free particle moving in D-dimensional spacetime in the static gauge.
The Cartan forms ΩiK pertaining to the coset may be used for constructing actions with higher time deriva-
tives [8, 9, 10, 5, 6]. Moreover, in three spacetime dimensions, D=3, there exists an additional possibility: the
form ΩM allows for a Wess-Zumino-like term in the action,
Sanyon =
α
2
∫
ΩM , (1.6)
which provides the system with a non-zero (anyonic) spin [11]. The above integrand ΩM is only quasi-invariant
under the three-dimensional Poincare´ transformations [12], i.e. it shifts by a full time derivative under Ki trans-
formations.
The supersymmetric generalization of particle actions within the coset approach requires spinor generators Q
and S which extend the Poincare´ group to the super-Poincare´ one:
{Q,Q} ∼ P, {S, S} ∼ P, {Q,S} ∼ Z. (1.7)
All symmetries can then be realized by group elements acting on the coset element
g = etP eθ
aQaeq
i(t,θ)Zieψ
a(t,θ)SaeΛ
i(t,θ)Ki . (1.8)
One obtains a collection {qi(t, θ), ψa(t, θ),Λi(t, θ)} of Goldstone superfields which depend on the worldline super-
space coordinates {t, θ}. The rest of the coset approach machinery works as before: one may construct the Cartan
forms g−1dg for the coset element (1.8) (and obtain new forms ΩQ and ΩS), one may find the supersymmetric
einbein and the corresponding bosonic and spinor covariant derivatives ∇P and ∇Q, respectively. One may even
invent proper generalizations of the covariant constraints (1.2) as
ΩZ = 0, ΩS | = 0, (1.9)
where | denotes the dθ-projection of a form (see e.g. [13] and references therein). The structure of the coset ele-
ment (1.8) implicates that Q supersymmetry is kept unbroken while S supersymmetry is spontaneously broken.1
1 In this paper we shall only consider the case where #Q = #S, i.e. a half-breaking of global supersymmetry.
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The constraints (1.9) leave the lowest components of the superfields qi(t, θ) and ψa(t, θ) as the only indepen-
dent component fields of the theory. Unfortunately, like it happened in (1.6), any superparticle Lagrangian is
only quasi-invariant with respect to the super-Poincare´ group. For this reason, the corresponding action cannot
be built from the Cartan forms. Commonly adopted alternatives for constructing supersymmetric particle (or
brane) actions are
• to construct a linear realization of target-space Poincare´ supersymmetry, in which the superfield Lagrangian
appears as a supermultiplet component [14, 15, 16],
• to perform a reduction from higher-dimensional component actions,
• to make a superfield ansatz for the action (manifestly invariant under Q supersymmetry) and then impose
the spontaneously broken S supersymmetry invariance.
Clearly, in all these approaches the coset method is not too helpful. The method working perfectly in bosonic
models seems to be almost useless in the supersymmetric case! This shortcoming is caused by our concentrating
on unbroken Q supersymmetry and on the superspace action. If instead we focus on the component action
with broken S supersymmetry being manifest, the coset approach will again be quite useful. It has indeed
been demonstrated in [17, 18] that, with the coset parametrization (1.8), it is easy to produce an ansatz for the
component action manifestly invariant with respect to the broken S supersymmetry. To this end, the following
properties are important:
• with the chosen parametrization (1.8) of the coset element, the superspace coordinates θ are inert un-
der S supersymmetry. Therefore, all superfield components transform independently with respect to S
supersymmetry,
• the θ=0 projection of the covariant derivative ∇P is invariant under the broken S supersymmetry,
• all physical fermionic components are just θ=0 projections of the superfields ψa(t, θ), and these components
transform as the fermions of the Volkov-Akulov model [19] with respect to the broken S supersymmetry.
Thus, an ansatz for the component action with the smallest number of time derivatives can be written down
immediately, because the physical fermionic components can enter the action only through the θ=0 projection
of the einbein E or through the spacetime derivatives ∇P of the “matter fields” qi(t). This ansatz will contain
some arbitrary functions which can be determined by two additional requirements:
• the supersymmetric action should have a proper bosonic limit,
• the supersymmetric action has to be invariant under unbroken supersymmetry.
These conditions completely fix the component action. Actions for D=2+1 superparticles realizing an N =
2k+1 → N = 2k pattern of supersymmetry breaking have been constructed in such a way [18].
The situation becomes more interesting if we admit terms with a non-minimal number of time derivatives in
the action. The main goal of the present paper is to demonstrate how the corresponding component actions can
be constructed for a three-dimensional superparticle with N=4 supersymmetry partially broken to N=2 and
how an anyonic term (1.6) and the first extrinsic curvature (“rigidity”) come to appear in the action. It should
be clear from our exposition that the choice of the physical fermionic components is very important: it is the
choice of the coset element as in (1.8) which forces the ψ|θ=0 components to be Volkov-Akulov goldstini. In terms
of these fermions all the actions we will construct have a clear geometric interpretation. For the super anyonic
case we will provide the Hamiltonian description as well. For completeness, for all cases considered we will also
present the superspace actions which, in terms of the superfields {qi(t, θ), ψa(t, θ)}, take a simple form. We shall
conclude with a few comments and remarks.
2
2 Spontaneous breakdown of D = 2+1 Poincare´ symmetry
2.1 Coset approach: kinematics
The commutation relations of the D = 2+1 Poincare´ algebra read
[Mab, Pcd] = ǫacPbd + ǫbdPac + ǫadPbc + ǫbcPad,
[Mab,Mcd] = ǫacMbd + ǫbdMac + ǫadMbc + ǫbcMad. (2.1)
To get a convenient d = 1 form let us define the following generators,
P = P11 + P22, Z = P11 − P22 − 2iP12, Z = P11 − P22 + 2iP12,
J =
i
4
(M11 +M22) , T =
i
4
(M11 −M22 − 2iM12) , T = i
4
(M11 −M22 + 2iM12) . (2.2)
Being rewritten in terms of these generators (2.2) the algebra (2.1) acquires the familiar d = 1 form,
[J, T ] = T,
[
J, T
]
= −T , [T, T ] = −2J,
[J, Z] = Z,[
J, Z
]
= −Z,
[T, P ] = −Z,[
T, Z
]
= −2P,
[
T , P
]
= Z,[
T , Z
]
= 2P,
(2.3)
From the d = 1 point of view the generators {Z,Z} are the central charges generators.
We are going to consider the spontaneous breakdown of D = 2+1 Poincare´ symmetry down to d = 1
Poincare´, generated by P and U(1) rotations, generating by J . Therefore, we will put the generator J in the
stability subgroup and choose the parametrization of our coset as
g = eitP ei(qZ+q¯Z) ei(ΛT+ΛT). (2.4)
Here, q(t), q¯(t),Λ(t),Λ(t) are Goldstone fields depending on the time t.
The local geometric properties of the system are specified by the left-invariant Cartan forms
g−1dg = iωPP + iωZZ + iω¯Z Z¯ + iωTT + iω¯T T¯ + iωJJ (2.5)
which look extremely simple,
ωP =
1
1−λλ¯
[(
1 + λλ¯
)
dt+ 2i
(
λdq¯ − λ¯dq)] ,
ωZ =
1
1−λλ¯
[
dq − λ2dq¯ + iλdt] , ω¯Z = 11−λλ¯ [dq¯ − λ¯2dq − iλ¯dt] , (2.6)
ωT =
dλ
1−λλ¯
, ω¯T =
dλ¯
1−λλ¯
, ωJ = i
λdλ¯−dλλ¯
1−λλ¯
,
where
λ =
tanh(
√
ΛΛ)√
ΛΛ
Λ and λ¯ =
tanh(
√
ΛΛ)√
ΛΛ
Λ. (2.7)
The transformations properties of the coordinates and fields are induced by the left multiplications of the
coset element (2.5),
g0g = g
′h, (2.8)
where h ∈ U(1) belong to the stability subgroup. Thus, for the mostly interesting transformations with g0 =
ei(αT+α¯T) one gets
δt = −2i (αq¯ − α¯q) , δq = −iα t, δq¯ = iα¯ t, δλ = α− α¯λ2, δλ¯ = α¯− αλ¯2. (2.9)
Finally, one may reduce the number of independent Goldstone fields by imposing the following conditions on
the Cartan forms ωZ and ω¯Z (inverse Higgs phenomenon [3]),
ωZ = 0⇒ q˙ = −i λ
1 + λλ¯
and ω¯Z = 0⇒ ˙¯q = i λ¯
1 + λλ¯
(2.10)
These constraints are purely kinematic ones. Thus, to realize this spontaneous breaking of D = 2+1 Poincare´
symmetry we need two scalar fields, q(t) and q¯(t).
Using the constraints (2.10), one may further simplify the Cartan forms (2.6) to be
ωP =
1− λλ¯
1 + λλ¯
dt, ωT =
dλ
1− λλ¯ , ω¯T =
dλ¯
1− λλ¯ , ωJ = i
λdλ¯ − dλλ¯
1− λλ¯ . (2.11)
3
2.2 Actions
• The simplest action, invariant under full D = 2+1 Poincare´ symmetry, is
S0 = −m0
∫
ωP = −m0
∫
dt
√
1− 4q˙ ˙¯q . (2.12)
It can be easily represented in Poincare´- and reparametrization-invariant form as
S0 = −m0
∫
dτ
√
dqa
dτ
dqa
dτ
≡ −m0
∫
ds, q0 ≡ t, q
1 + iq2
2
≡ q , (2.13)
and for the summation we have used the Minkowski metric gab = diag(+,−,−). This is the action of a
massive particle in D = 2+1 spacetime.
• A less trivial action can be constructed as
Sanyon = −α
2
∫
ωJ = − iα
2
∫
dt
˙¯λλ − λ¯λ˙
1− λλ¯ = iα
∫
dt
q¨ ˙¯q − q˙ ¨¯q√
1− 4q˙ ˙¯q
(
1 +
√
1− 4q˙ ˙¯q
) . (2.14)
In reparametrization-invariant form it reads
Sanyon = iα
∫
(d2q1/dτ2)(dq2/dτ)− (d2q2/dτ2)(dq1/dτ)
|dqa/dτ |(dq0/dτ + |dqa/dτ |) dτ, q
0 ≡ t . (2.15)
It is seen that this defines the vector potential of a Dirac monopole in three-dimensional Minkowski space,
parameterized by the velocities va ≡ dqa/dτ . Hence, we arrive at an action defining anyonic spin (see, e.g.,
[11]).
• Finally, one may consider the action
Srigid = β
∫
ωT ω¯T
ωP
= β
∫
dt
1 + λλ¯
(1− λλ¯)3 λ˙
˙¯λ = β
∫
dt
( ˙¯qq¨ + q˙ ¨¯q)
2
+ (1− 4q˙ ˙¯q)q¨ ¨¯q
(1 − 4q˙ ˙¯q)5/2 . (2.16)
Representing this action in Poincare´- and reparametrization-invariant form, we get
Srigid = β
∫
k21(q˙, q¨)ds, (2.17)
where
k21(q˙, q¨) ≡
(q¨aq˙a)
2 − (q¨aq¨a)(q˙bq˙b)
(q˙cq˙c)3
with q˙a =
dqa
dτ
, q¨a =
d2qa
(dτ)2
(2.18)
is the square of the first extrinsic curvature (“rigidity”) of the worldline in R1,2. Note that systems defined
by the sum of (2.12) and (2.16) have been studied by various authors (see, e.g. [9]) .
• The most general action depending on λ, λ¯ and λ˙, ˙¯λ only (i.e. depending on up to second derivatives of q
and q¯) has the form
Sgen =
∫
1− λλ¯
1 + λλ¯
F
[
(1 + λλ¯)2λ˙ ˙¯λ
(1− λλ¯)4
]
dt =
∫
F(k21)ds (2.19)
where F is an arbitrary function. For the Hamiltonian analyses of such systems we refer to [20]. The most
interesting case corresponds to the choice F(x) = c0 + c1√x, i.e. to a Lagrangian linear in the curvature,
which has been studied extensively [10].
We remark that S0 and Srigid as well as Sgen define Poincare´-invariant actions, while S2 is only weakly invariant
under D = 2+1 Poincare´ transformations.
2.3 Hamiltonian formulations
In this subsection we shall consider the Hamiltonian formulation of the actions (2.12), (2.14) and (2.16) introduced
in the previous subsection.
The Hamiltonian formulation of the action (2.12) is a textbook exercise. In the static-gauge parametrization
it is defined by the symplectic structure dp∧dq+dp¯∧dq¯ and by the Hamiltonian p0 =
√
m20 + pp¯ and, obviously,
it describes a (2+1)-dimensional scalar relativistic particle with mass m0.
4
Majorana anyon
Adding to (2.12) the Wess-Zumino term (2.14) provides the system with a non-zero spin but relaxes, at the
classical level, the mass-shell condition. So let us give the Hamiltonian formulation of S = S0 + Sanyon, in the
static-gauge parametrization
S = −m0
∫
ωp − α
2
∫
ωJ = −m0
∫
dt
√
1− 4q˙ ˙¯q + iα
∫
dt
q¨ ˙¯q − q˙ ¨¯q√
1− 4q˙ ˙¯q
(
1 +
√
1− 4q˙ ˙¯q
) . (2.20)
Taking into account the relations (2.10) we rewrite its Lagrangian in a first-order form,
L˜ = −m0 1− λλ¯
1 + λλ¯
− iα
2
λ ˙¯λ− λ¯λ˙
1− λλ¯ + p
(
q˙ +
iλ
1 + λλ¯
)
+ p¯
(
˙¯q − iλ¯
1 + λλ¯
)
. (2.21)
This expression is of the form L˜ = A(1)A(x)x˙A −H(x), where xA = {p, p¯, λ, λ¯, q, q¯} are independent variables,
H = p0 = ip¯λ¯− ipλ+m0(1− λλ¯)
1 + λλ¯
(2.22)
is the Hamiltonian and
A(1) = pdq + p¯dq¯ − iα
2
λdλ¯ − λ¯dλ
1− λλ¯ (2.23)
is a one-form defining the symplectic structure
ω = dA(1) = dp ∧ dq + dp¯ ∧ dq¯ − iα dλ ∧ dλ¯
(1 − λλ¯)2 . (2.24)
This symplectic structure defines Poisson brackets given by the non-zero relations
{p, q} = 1, {p¯, q¯} = 1, {λ, λ¯} = i
α
(1− λλ¯)2. (2.25)
One can easily check that the generators of so(1, 2) are defined by
J0 = 2i(p¯q¯ − pq) + α1 + λλ¯
1 − λλ¯ J+ = p¯+ q
2p− iα λ
1 − λλ¯ : {J±, J0} = 2iJ±, {J+, J−} = iJ0. (2.26)
Together with p0 ≡ H, p = (p1+ip2)/2, they form the (2+1)-dimensional Poincare´ algebra. The Casimirs of this
algebra, pap
a =: m2 and paJ
a =: ms, define the spin s and mass m of the particle. Thus, we have the so-called
Majorana condition
ms = m0α = const, (2.27)
i.e. we deal with a reducible representation of the Poincare´ group. This (2+1)-dimensional system has been
studied in detail in [21], where it was called a “Majorana anyon”. We remark that the Lagrangian of [21]
featured a linear dependence on the second extrinsic curvature (torsion) κ2 and thus included third-order time
derivatives as well. A Majorana anyon can also be described by a simple second-order action on null curves [22].
Rigid particle
Let us give a Hamiltonian formulation for the action containing a rigidity term quadratic in the first extrinsic
curvature,
S = S0 + Sanyon + Srigid =
∫
Ldt, L = −m0ωP − α
2
ΩJ + β
ωT ω¯T
ωP
. (2.28)
Its Poincare´-covariant formulation (in the absence of an anyonic term, i.e. for α = 0) is well-known and has been
considered by many authors [9, 20]. Here, we restrict ourselves to the Hamiltonian formulation in the static
gauge. In complete analogy with the previous case, we replace the Lagrangian by an equivalent first-order one,
L˜ = −m0 1− λλ¯
1 + λλ¯
− α
2
i(λ ˙¯λ − λ¯λ˙)
1− λλ¯ +Πλ˙+ Π¯
˙¯λ− 1
β
(1− λλ¯)3
1 + λλ¯
ΠΠ¯ + p
(
q˙ +
iλ
1 + λλ¯
)
+ p¯
(
˙¯q − iλ¯
1 + λλ¯
)
. (2.29)
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Hence, the system is described by the Hamiltonian
Hrigid = p0 = 1− λλ¯
1 + λλ¯
(
1
β
(1− λλ¯)2ΠΠ¯− i(pλ− p¯λ¯)
1− λλ¯ +m0
)
(2.30)
and by the symplectic one-form
A(1) = pdq + p¯dq¯ +Πdλ+ Π¯dλ¯− iα
2
λdλ¯ − λ¯dλ
1− λλ¯ . (2.31)
The latter yields the symplectic structure
ω = dA(1) = dp ∧ dq + dp¯ ∧ dq¯ + dΠ ∧ dλ+ dΠ¯ ∧ dλ¯− iα dλ ∧ dλ¯
(1 − λλ¯)2 , (2.32)
and the corresponding non-zero Poisson brackets
{p, q} = 1, {p¯, q¯} = 1, {Π, λ} = 1, {Π¯, λ¯} = 1, {Π, Π¯} = −iα(1− λλ¯)2. (2.33)
The Lorentz generators read
J0 = 2i(p¯q¯ − pq) + 2i(Π¯λ¯−Πλ) + α1 + λλ¯
1 − λλ¯ and J+ = p¯+ q
2p+ Π¯ + λ2Π− iα λ
1− λλ¯ , (2.34)
while the translation generators are given, as before, by {p0 = Hrigid, p, p¯}. It is easy to check that neither spin
nor mass are fixed in this model.
3 Supersymmetric generalization
In this section we turn to N=4 supersymmetric extensions of the actions given above. Two of the four super-
charges are assumed to be spontaneously broken, leaving us with N=2 unbroken supersymmetry.
3.1 Coset approach: kinematics
We begin with the N=2, D=2+1 super-Poincare´ algebra, which in d = 1 notation appears as N=4, d=1 super-
Poincare´ algebra with two central charges. The basic (anti)commutation relations extend the previous relations
(2.3) by {
Q,Q
}
= 2P,
{
S, S
}
= 2P, {Q,S} = 2Z, {Q,S} = 2Z,
[J,Q] = 12Q,
[
J,Q
]
= − 12Q,
[J, S] = 12S,
[
J, S
]
= − 12S,
[
T,Q
]
= −S,[
T, S
]
= −Q,
[
T ,Q
]
= S,[
T , S
]
= Q.
(3.1)
Here, Q,Q and S, S are the generators of the unbroken and spontaneously broken supersymmetries, respectively.
P is the generator of translation, Z,Z are the central charge generators, while T, T , J are the generators of the
D = 2+1 Lorentz group, as before.
In the coset approach [1, 2], the breakdown of S supersymmetry and Z,Z translations is reflected in the
structure of the coset element
g = eitP eθQ+θ¯Q eψS+ψ¯S ei(qZ+q¯Z) ei(ΛT+ΛT). (3.2)
TheN = 2 superfields q(t, θ, θ¯),ψ(t, θ, θ¯) andΛ(t, θ, θ¯) are Goldstone superfields accompanying theN=2, D=2+1
super-Poincare´ to N=2, d=1 super-Poincare´ breaking.
The transformation properties of the coordinates and superfields are induced by the left multiplications of
the coset element (3.2),
g0 g = g
′ h, h ∼ efJ . (3.3)
The most important transformations read
• Unbroken SUSY
(
g0 = e
ǫQ+ǫ¯Q
)
: δθ = ǫ, δt = i
(
ǫθ¯ + ǫ¯θ
)
;
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• Broken SUSY
(
g0 = e
εS+ε¯S
)
: δt = i
(
εψ¯ + ε¯ψ
)
, δψ = ε, δq = 2i εθ,
• Automorphism group
(
g0 = e
i(αT+α¯T)
)
:
{
δt = −2i (αq¯− α¯q) + 2αθ¯ψ¯ − 2α¯θψ, δθ = −iαψ¯,
δq = α
(−it− θθ¯ +ψψ¯) , δψ = −iαθ¯, δλ = α− α¯λ2,
where, as in (2.7) before,
λ =
tanh(
√
ΛΛ)√
ΛΛ
Λ . (3.4)
The left invariant Cartan forms read
ωP =
1
1−λλ¯
[(
1 + λλ¯
)△t+ 2i (λ△q¯− λ¯△q)] , ωZ = 11−λλ¯ [△q− λ2△q¯+ iλ△t] ,
ωT =
dλ
1−λλ¯
, ωJ = i
λdλ¯−dλλ¯
1−λλ¯
. (3.5)
ωQ =
1√
1−λλ¯
[
dθ + iλdψ¯
]
, ωS =
1√
1−λλ¯
[
dψ + iλdθ¯
]
.
Here,
△t = dt− i (θdθ¯ + θ¯dθ +ψdψ¯ + ψ¯dψ) and △q = dq− 2iψdθ. (3.6)
Having at hands the Cartan forms, one may construct “semi-covariant” derivatives (covariant with respect to
P, J , broken and unbroken supersymmetries, only) via
△t∇t + dθ∇θ + dθ¯∇¯θ = dt ∂
∂t
+ dθ
∂
∂θ
+ dθ¯
∂
∂θ¯
. (3.7)
Explicitly, they read
∇t = E−1∂t, ∇θ = D − i
(
ψ¯Dψ +ψDψ¯
)∇t, ∇¯θ = D − i (ψ¯Dψ +ψDψ¯)∇t, (3.8)
where
E = 1 + i
(
ψ˙ψ¯ + ˙¯ψψ
)
, D =
∂
∂θ
− iθ¯∂t, D = ∂
∂θ¯
− iθ∂t :
{
D,D
}
= −2i∂t. (3.9)
These derivatives obey the following algebra,{∇θ, ∇¯θ} = −2i (1 +∇θψ∇¯θψ¯ + ∇¯θψ∇θψ¯)∇t,
{∇θ,∇θ} = −4i∇θψ¯∇θψ∇t,
{∇¯θ, ∇¯θ} = −4i∇¯θψ¯∇¯θψ∇t, (3.10)
[∇t,∇θ] = −2i
(∇θψ¯∇tψ +∇θψ∇tψ¯)∇t, [∇t, ∇¯θ] = −2i (∇¯θψ¯∇tψ + ∇¯θψ∇tψ¯)∇t.
Finally, imposing the same constraints (2.10) as in the bosonic case, one may reduce the number of independent
Goldstone superfields,
ωZ = 0 ⇒ ∇tq = −i λ1+λλ¯ , ∇θq+ 2iψ = 0, ∇¯θq = 0,
ω¯Z = 0 ⇒ ∇tq¯ = i λ¯1+λλ¯ , ∇¯θq¯+ 2iψ¯ = 0,∇θq¯ = 0.
(3.11)
These constraints impose covariant chirality conditions on the superfields q and q¯ and, in addition, they express
the Goldstone superfields ψ, ψ¯,λ, λ¯ as the derivatives of the q and q¯, thereby realizing the inverse Higgs effect
[3]. Thus, we have in the system only one, covariantly chiral, N = 2 complex bosonic superfield q(t, θ, θ¯).
The constraints (3.11) imply some further restrictions. For example, if we act by ∇θ on the constraint
∇θq+ 2iψ = 0, we will get
∇2θq+ 2i∇θψ = 0⇒ 2i∇θψ
(
1−∇θψ¯∇tq
)
= 0. (3.12)
Thus, we have to conclude that
∇θψ = 0. (3.13)
Moreover, on the constraint surface given by (3.11) and (3.13) the algebra of covariant derivatives slightly
simplifies:
∇θ2 = ∇¯2θ = 0,
{∇θ, ∇¯θ} = −2i (1 + ∇¯θψ∇θψ¯)∇t, [∇t,∇θ] = −2i∇θψ¯∇tψ∇t, . (3.14)
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3.2 Component transformation laws
As we are going to define component actions, we need transformation laws for the components. Let us firstly
denote the components of superfields in the following way,
q|θ=0 = q, q¯|θ=0 = q¯, ψ|θ=0 = ψ, ψ¯|θ=0 = ψ¯, λ|θ=0 = λ, λ¯|θ=0 = λ¯. (3.15)
It appears to be convenient to introduce also the quantity
E = E|θ=0 = 1 + i
(
ψ˙ψ¯ + ˙¯ψψ
)
(3.16)
and to define a new time derivative,
Dt = E−1∂t. (3.17)
We list the active transformation laws (at fixed t) for these components under the broken and unbroken
supersymmetries.
Broken supersymmetry:
δ⋆Sq = −i
(
εψ¯ + ε¯ψ
)
q˙, δ⋆Sψ = ε− i
(
εψ¯ + ε¯ψ
)
ψ˙, δ⋆SE = −i∂t
[E (εψ¯ + ε¯ψ)] . (3.18)
Unbroken supersymmetry δ⋆Qf |θ=0 =
(
ǫDf + ǫ¯D¯f
) |θ=0:
δ⋆Qq = −2iǫψ +
(
ǫ¯ψ¯λ− ǫψλ¯) q˙, δ⋆Qψ = −iǫ¯λ+ (ǫ¯ψ¯λ− ǫψλ¯) ψ˙,
δ⋆QE = ∂t
[E (ǫ¯ψ¯λ− ǫψλ¯)]+ 2(ǫψ˙λ¯− ǫ¯ ˙¯ψλ) . (3.19)
Finally, we stress that the relations between the components λ and q are given by the following expressions,
Dtq = −i λ
1 + λλ¯
, ⇔ λ = 2i Dtq
1 +
√
1− 4DtqDtq¯ . (3.20)
3.3 Actions
We are ready to construct the supersymmetric generalization of the actions (2.12), (2.14) and (2.16). As they
have different dimensions, these actions must be invariant separately.
Superparticle
It is easy to check that the evident ansatz ∫
dtEF1(λλ¯) (3.21)
for the supersymmetric extension of the particle action (2.12) is perfectly invariant with respect to the broken
supersymmetry (3.18), because
δ⋆S
(EF1(λλ¯)) = −i∂t [E (εψ¯ + ε¯ψ)]F1 − iE (εψ¯ + ε¯ψ) (λ ˙¯λ + λ˙λ¯)F ′1 = −i∂t [EF1 (εψ¯ + ε¯ψ)] . (3.22)
To determine the function F1(λλ¯), we impose invariance under the unbroken supersymmetry (3.19). The corre-
sponding variation of EF1(λλ¯) computes to
δ⋆(EF1) = −∂t
[E (ǫψλ¯− ǫ¯ψ¯λ)F1]+ 2(ǫψ˙λ¯− ǫ¯ ˙¯ψλ) (F1 + (1 + λλ¯)F ′1) . (3.23)
The first term of this variation is a total time derivative, while the second one is not. It is absent, however, for
F1 ∼
(
1 + λλ¯
)−1
. So, choosing F1 = − 2m01+λλ¯ , our ansatz (3.21) produces a supersymmetic action.
Then, we directly get the invariant supersymmetric extension of the action (2.12) as
S0 = m0
∫
dt− 2m0
∫ Edt
1 + λλ¯
= −m0
∫
dt
[
E
√
1− 4DtqDtq¯ + E − 1
]
. (3.24)
This is just the action of the N=2, D=2+1 superparticle in the form considered in [18]. Having in mind the
relations (3.20), one may rewrite the Lagrangian in the form
L0 = −m0
√
E2 − 4q˙ ˙¯q −m0(E − 1). (3.25)
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Let us give the Hamiltonian formulation of this system. The momenta p, π conjugate to q, ψ read
p =
2m0 ˙¯q√
E2 − 4q˙ ˙¯q
and π = im0
(
E√
E2 − 4q˙ ˙¯q
+ 1
)
ψ¯, (3.26)
from where we immediately get the Hamiltonian
H0 =
√
m20 + pp¯ (3.27)
and fermionic constraints
π = i(m0 +
√
m20 + pp¯)ψ¯ and π¯ = −i(m0 +
√
m20 + pp¯)ψ. (3.28)
Substituting these expressions into the symplectic one-form A1 = pdq + p¯dq¯ + πdψ − π¯dψ¯, it reduces to
Ared = pdq + p¯dq¯ + i
(
m0 +
√
m20 + pp¯
)(
ψdψ¯ + ψ¯dψ
)
. (3.29)
From the symplectic structure dAred, we read off the Poisson brackets defined by the non-zero relations
{p, q} = 1, {ψ, ψ¯} = i
2 (m0 +H0) , {ψ, q} = −
ψp¯
4 (m0 +H0)H0 , {ψ, q¯} = −
ψp
4 (m0 +H0)H0 . (3.30)
The transformation properties (3.18), (3.19) then tell us the supercharges
Q = 2pψ, S = 2 (m0 +H0) ψ¯. (3.31)
Indeed, these forms of Q and S produce the proper shifts of q and ψ, respectively,
δ⋆Qq = −iǫ {Q, q} ∼ −2iǫψ + . . . and δ⋆Sψ = −iε {S, ψ} = ε. (3.32)
It is matter of straightforward calculations to check that the remaining terms in (3.18) and (3.19) are also
reproduced.
The supercharges (3.31) form centrally extended N=4, d= 1 super-Poincare´ algebra,
{Q,Q} = 2i (H0 −m0) , {S, S} = 2i (H0 +m0) , {Q,S} = 2ip. (3.33)
From (3.29) we can readily deduce the canonical coordinates p and
χ =
√
m0 +H0 ψ, q˜ = q − i p¯√
m0 +H0
(ψψ¯) : {p, q˜} = 1, {χ, χ¯} = − i
2
. (3.34)
In these coordinates, the supercharges read
Q = 2
pχ√
m0 +H0
and S = 2
√
m0 +H0 χ¯ . (3.35)
Finally, we note that the action (3.24) can be written in terms of superfields as
S0 = 2m0
∫
dtdθdθ¯
ψψ¯
1 + λλ¯
. (3.36)
Supersymmetric anyon
The supersymmetrization of the anyonic action (2.14) is more involved. The most general ansatz with the proper
bosonic limit reads2
Sanyon = iα
2
∫
dt E Dtλλ¯− λDtλ¯
1− λλ¯ +
∫
dt E F2(λλ¯)DtψDtψ¯. (3.37)
This action is invariant with respect to the broken supersymmetry (3.18) because
δ⋆S
[
i E Dtλλ¯− λDtλ¯
1− λλ¯
]
= ∂t
[(
εψ¯ + ε¯ψ
) E Dtλλ¯−Dtλ¯λ
1− λλ¯
]
(3.38)
2 The second term in (3.37) is of the proper dimension but disappears in the bosonic limit.
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and
δ⋆S
[E DtψDtψ¯F2] = −i∂t [(εψ¯ + ε¯ψ) E DtψDtψ¯F2] . (3.39)
A straightforward calculation shows that invariance under unbroken supersymmetry fixes F2 to
F2 = −2α 1 + λλ¯
(1− λλ¯)2 , (3.40)
and the full supersymmetric anyonic action acquires the form
Sanyon = iα
2
∫
dt E λ¯Dtλ− λDtλ¯
1− λλ¯ − 2α
∫
dt E 1 + λλ¯
(1− λλ¯)2DtψDtψ¯
= iα
∫
dt E Dt(Dtq)Dtq¯ −Dt(Dtq¯)Dtq√
1− 4DtqDtq¯
(
1 +
√
1− 4DtqDtq¯
) − α ∫ dt E 1 +√1− 4DtqDtq¯
1− 4DtqDtq¯ DtψDtψ¯. (3.41)
Two notes are in order:
• The forms ωS and ω¯S can be evaluated on the superfield constraints (3.14), which removes the dθ and dθ¯
projections. We find that the ψ˙ ˙¯ψ term can be represented as
− 2
∫
ωS| · ω¯S |
ωP | . (3.42)
• The superfield expression for the action (3.41) takes the simple form
Sanyon = iα
2
∫
dtdθdθ¯
ψ˙ψ¯ + ˙¯ψψ
1− λλ¯ . (3.43)
We are ready to give a Hamiltonian formulation of the supersymmetric extension of the anyonic system. It is
defined as the sum of the particular actions (3.24) and (3.41), S = S0 + Sanyon. Introducing fermionic momenta
η and η¯ conjugate to the Grassmann variables ψ and ψ¯, the first-order Lagrangian reads
L˜ = m0 − 2m0E
1 + λλ¯
− iα
2
λ ˙¯λ − λ¯λ˙
1− λλ¯ + ηψ˙ − η¯
˙¯ψ − 1
2α
(1− λλ¯)2ηη¯
1 + λλ¯
+ p
(
q˙ +
iEλ
1 + λλ¯
)
+ p¯
(
˙¯q − iEλ¯
1 + λλ¯
)
. (3.44)
Hence, the Hamiltonian is given by the expression
HSUSY = H+ 1
2α
(1− λλ¯)2ηη¯
1 + λλ¯
, (3.45)
where H is defined in (2.22) as
H = i p¯λ¯− pλ
1− λλ¯ +m0
1− λλ¯
1 + λλ¯
. (3.46)
The symplectic structure follows from the one-form
A1 = pdq + p¯dq¯ − iα
2
dλ¯λ− dλλ¯
1− λλ¯ + πdψ − π¯dψ¯, (3.47)
where
π = η − i(H+m0)ψ¯ and π¯ = η¯ + i(H +m0)ψ . (3.48)
Therefore, the Poisson brackets are defined by the relations
{p, q} = 1, {λ, λ¯} = i
α
(
1− λλ¯)2 , {π, ψ} = 1, {π¯, ψ¯} = −1 . (3.49)
In these terms the Hamiltonian and supercharges read
HSUSY = H + 1
2α
(1− λλ¯)2
1 + λλ¯
(
π + i(H +m0)ψ¯
)
(π¯ − i(H +m0)ψ) , (3.50)
Q = 2pψ + λ¯ (π¯ − i(HSUSY +m0)ψ) , S = iπ + ψ¯(HSUSY +m0). (3.51)
They form the superalgebra
{Q, Q¯} = 2i(HSUSY −m0), {S, S¯} = 2i(HSUSY +m0), {Q,S} = 2ip. (3.52)
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Rigid superparticle
The supersymmetric extension of the bosonic term∫
dt
1 + λλ¯
(1− λλ¯)3 λ˙
˙¯λ =:
∫
dt G1(λλ¯) λ˙
˙¯λ (3.53)
from (2.16) is a more complicated task, due to the existence of two further expressions of the proper dimension,
which however vanish in the bosonic limit, namely
iG2(λλ¯)
(
ψ¨ ˙¯ψ + ¨¯ψψ˙
)
and iG3(λλ¯)
(
λ˙λ¯− ˙¯λλ
)
ψ˙ ˙¯ψ. (3.54)
All three terms can be immediately promoted to be invariant under the broken supersymmetry, giving
Srigid =
∫
Edt [G1DtλDtλ¯+ iG2 (D2tψDtψ¯ +D2t ψ¯Dtψ)+ iG3 (Dtλλ¯ −Dtλλ)DtψDtψ¯] , (3.55)
where we temporarily unfix the function G1. We expect the three functions G1, G2 and G3 to be constrained by
invariance under unbroken supersymmetry.
After quite lengthy calculations, we find that our action
Srigid =
∫
dt
[
G1E−1λ˙ ˙¯λ+ iG2E−2
(
ψ¨ ˙¯ψ + ¨¯ψψ˙
)
+ iG3E−2
(
λ˙λ¯− ˙¯λλ
)
ψ˙ ˙¯ψ
]
(3.56)
is invariant under unbroken supersymmetry if the equations
−G3 +G′2 + 2G1 = 0, G3 +G′2 + 2(1 + λλ¯)G′1 = 0, G2 + (1 + λλ¯)G1 = 0 (3.57)
hold, where the prime denotes a derivative with respect to the single argument λλ¯ of these functions. These
equations are not independent, because the sum of first two reduces to the derivative of the third. The solution
of this system reads
G2 = −(1 + λλ¯)G1 and G3 = G1 − (1 + λλ¯)G′1. (3.58)
Thus, invariance with respect to both N=2 supersymmetries determines the action up to one arbitrary function
G1(λλ¯). The prescribed bosonic limit fixes this function to
G1 =
1 + λλ¯
(1− λλ¯)3 , (3.59)
and thus the complete N=4 supersymmetric generalization of the rigid-particle action has the form
Srigid =
∫
dt
[
1 + λλ¯
(1− λλ¯)3 E
−1λ˙ ˙¯λ− i (1 + λλ¯)
2
(1− λλ¯)3 E
−2
(
ψ¨ ˙¯ψ + ¨¯ψψ˙
)
− 3i (1 + λλ¯)
3
(1− λλ¯)4
(
λ˙λ¯− ˙¯λλ
)
E−2ψ˙ ˙¯ψ
]
. (3.60)
In superfield language this action can be written in the much more compact form
Srigid =
∫
dtdθdθ¯
1 + λλ¯
(1 − λλ¯)3 ψ˙
˙¯ψ. (3.61)
The Hamiltonian formulation of the supersymmetric rigid particle will be considered elsewhere.
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4 Discussion and outlook
We have applied the coset approach to the construction of component actions describing a superparticle inD=2+1
spacetime, with N=4 supersymmetry partially broken to N = 2, and with the bosonic action containing higher
time derivatives, in the forms of an anyonic term and the square of the first extrinsic curvature. We presented the
supercharges for the unbroken and broken supersymmetries as well as the Hamiltonian for the supersymmetric
anyon and provided the superspace actions for all cases.
Our main goal was to find out whether it is possible to apply the approach, previously developed for the
construction of supersymmetric actions with a minimal number of time derivatives [17, 18], also to systems with
higher time derivatives in the bosonic sector. We are aware that the simple N=4→ N=2 pattern of supersym-
metry breaking drastically simplifies the analysis (for example, by the absence of auxiliary components). Clearly,
the analysis of more involved systems with higher supersymmetries or higher target-space dimensions is desired.
Using the fermions of the nonlinear realization as the physical fermionic components renders the constructed
actions quite compact and involves only geometric objects such as the einbein and covariant derivatives of the
bosonic “matter” fields and the fermions.
An interesting further question is whether also p-brane actions (with p ≥ 1) containing higher derivatives can
be supersymmetrized in a similar way. Such a generalization is not obvious, however, due to presence of auxiliary
fields, which have to be excluded by their, a priori unknown, equations of motion.
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